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ABSTRACT
Lateral dynamics of articulated vehicles continue to remain a subject of concern
in the design of safety systems. Vehicle-trailer combinations tend to exhibit low
lateral stability and poor maneuverability, especially under high-speed maneu-
vers, which lead to unstable motion modes such as jackknifing, trailer sway and
rollover. Active safety systems such as Active Trailer Steering (ATS) have been
widely studied to address these issues and ensure the safety of combination
vehicles. Linear Quadratic Regulator (LQR) is a popular control technique to
design ATS systems. Although this technique has demonstrated consistent re-
sults, this controller is not effective in the presence of parametric uncertainties.
Therefore, a robust control strategy is proposed to improve the overall dynamic
performance of the system. This research focuses on designing an ATS system
for pickup truck and tandem-axle trailer combinations using the LQR and ro-
bust H-infinity (H∞) control techniques. Numerical simulations are carried out
using TruckSim and MATLAB/Simulink software packages, and the results are
analyzed under high-speed performance measures.
Keywords: Articulated vehicles, active trailer steering systems, LQR, robust
control, H-infinity, lateral stability, rearward amplification, offtracking, load
transfer ratio
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A vehicle-trailer system is composed of a towing/leading unit and a trailing
unit, connected by a hitch at the point of articulation. These systems are com-
monly referred to as combination vehicles or articulated vehicles. In North
America, due to the relevance of road transportation, these vehicles have gained
immense popularity over the years for their applications in freight transfer [2].
Articulated systems can transport more goods, which in turn reduces trans-
portation costs due to the requirement of fewer drivers per unit of cargo trans-
ported [3]. Moreover, the vehicle-trailer combinations are versatile and can be
readily connected and disconnected, making it feasible for use. [4, 5].
The vehicle-trailer system is broadly classified as light vehicle (passenger cars
or pickup trucks)-trailer combinations and heavy vehicle (tractor unit or semi-
trailers)-trailer combinations [6]. The focus of this research, however, is on a




In the United States, commercial trucks are classified on the basis of the vehi-
cle’s Gross Vehicle Weight Rating (GVWR). Classes 1-2 represent the light-duty
trucks and have a GVWR limit of 4,536 kg. Classes 3-6 are the medium-duty
trucks with a GVWR limit of 11,793 kg. Lastly, classes 7-8 are categorized as
heavy-duty trucks with a GVWR of above 14,969 kg [7].
Gooseneck trailers are compatible with pickup trucks exclusively, and most of
them can be classified as commercial trailers, owing to their heavy weight. This
trailer is connected to a hitch mounted on the bed of the pickup truck, right
above the rear axle. Some of the common uses of this trailer include transport-
ing livestock, boats and are even used as car haulers and utility trailers [8].
1.2 Motivation
Although the benefits of vehicle-trailer systems are many, towing a trailer is
generally accompanied by a number of unique challenges to motorists. Reports
suggest that about 20% of the reported collisions involve rear-end collisions of
vehicle-trailer combinations where the driver was at fault, and about 30% of
the drivers claimed to have lost control of their vehicle [9].
Stability and dynamic performance have been a major concern for vehicle-
trailer combinations. Due to the complexity in their configurations, these sys-
tems tend to exhibit undesired responses under varying payload properties, at
high speeds and other external perturbations such as uneven roads and driver
steering inputs [6]. This aspect can be challenging to drivers of light vehicles,
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who sporadically tow recreational trailers and may not have an adequate un-
derstanding of the complexities in the dynamic behaviour of combination vehi-
cles. Once the vehicle becomes unstable, gaining control over the vehicle-trailer
combination is a difficult task [10]. This, in turn, can compromise the safety of
the driver and other motorists and passengers. Therefore, the lateral stability
of articulated vehicles is a topic of significance for researchers in the field of
vehicle dynamics.
Vehicle-trailer combinations are vulnerable to unique unstable motion modes
such as trailer sway, jackknifing and rollover. Trailer sway is a form of insta-
bility in which the trailer oscillates and in severe cases, leads to loss of vehicle
control [6]. In severe cases, trailer sway may result in a phenomenon known
as jackknifing. Jackknifing occurs when the articulation angle between the ve-
hicle and trailer exceed a critical limit, due to which the driver loses control
of the vehicle. Figures 1.1 and 1.2 depict trailer sway and jackknife scenarios
experienced by articulated vehicles, respectively.
Figure 1.1: Trailer sway scenario
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Figure 1.2: Pickup truck-trailer combination jackknife scenario
Finally, one of the most dangerous occurrences experienced by combination
vehicles is the phenomenon of rollover. National Highway Traffic Safety Ad-
ministration (NHTSA) defines rollover as any vehicle rotation of 90 degrees or
more about any true longitudinal or lateral axis [11]. According to the data
presented by NHTSA in 2005, 34.5% of the rollover rates that resulted in fatal
crashes were experienced by utility vehicles, which is the highest in compari-
son to other vehicle types [11]. Rollovers occur as a result of high-frequency
steering inputs, high-speed curved path negotiations, high-speed lane change
maneuvers and load transfer [4, 12]. Figure 1.3 illustrates a rollover scenario
experienced by vehicle combinations. The mentioned instabilities mostly occur
at high speeds and have lead to fatal accidents, causing significant damages to
life and property [4, 11].
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Figure 1.3: Pickup truck-trailer combination rollover scenario
Therefore, in order to address the instability issues of light vehicle-trailer com-
binations, numerous active safety systems such as Active Trailer Steering (ATS)
systems have been introduced [12–15]. Control strategies such as Linear Quadratic
Regulator (LQR) have been extensively used for the design of active safety sys-
tems [4, 16, 17]. Due to its simplicity and superior performance, these con-
trollers are the preferred controllers. However, LQR controllers are designed
based on pre-defined system parameters. Therefore, these controllers fail to
exhibit robustness in the presence of external disturbances, un-modelled dy-
namics and parametric uncertainties [16, 18]. Hence, in this study, a robust
H∞-based ATS system is proposed to address the robustness concerns and work
effectively with the system’s uncertainties.
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1.3 Performance Measures
In this study, the main goal of the development of a controller is to ensure
the robust and safe performance of a pickup truck-trailer combination at high
speeds. In order to evaluate the effectiveness of the designed control system in
terms of safety, a set of performance measures are applied to the combination
vehicle. These safety-related performance measures were introduced by Ervin
and Guy in 1986 [19] to examine the effect of various vehicle parameters on the
dynamic performance under low and high speed maneuvers. Since the main
focus of this study revolves around improving the lateral stability of a pickup
truck-trailer combination at high speeds, the performance measures based on
high-speed maneuvers are used to evaluate the authenticity of the controller.
The high-speed maneuvers and their corresponding performance measures are





2. Steady-state ramp-steer maneuver
(a) Handling performance
(b) Static Rollover Threshold (SRT)
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1.3.1 Single Lane Change Maneuver (SLC) maneuver
1.3.1.1 Rearward Amplification (RWA) ratio
The RWA is defined as the ratio of the peak value of lateral acceleration at the
mass Center of Gravity (CG) of the rearmost trailer to that of the leading unit
during a lane change maneuver. This measure describes the tendency of trailers
to over-respond or exhibit higher peaks of lateral acceleration values than the
leading unit [20, 21]. It is considered as one of the most crucial measures used
to evaluate an articulated vehicle’s lateral stability at high speeds [22]. The
SLC maneuver is emulated at a steering input of 0.4 Hz since it is at this input
frequency that most articulated vehicles exhibit maximum RWA [23]. The RWA
ratio is determined using the equation given below:
RWA =
| Ay2(max ) |
| Ay1(max ) |
(1.1)
where, Ay1 is the lateral acceleration of the pickup truck and Ay2 is the lateral
acceleration of the trailer. The peak lateral acceleration value of the trailer
is generally larger than that of the leading unit, causing the RWA ratio to be
greater than 1. Therefore, an RWA ratio of 1 is considered ideal since it indicates
that the trailing unit follows the lateral dynamics of the leading unit [22].
1.3.1.2 Load Transfer Ratio (LTR)
LTR is the second performance measure used in this study to evaluate the effec-
tiveness of the controller. LTR is defined as the absolute value of the difference
between the total normal forces acting on the right and left sides of the artic-
ulated vehicle to the sum of the total normal forces [19]. LTR accounts for the
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weight distribution across the left and right sides of the vehicle. The concen-
tration of more weight on one side causes the vehicle to tilt or tip over, thus
compromising the safety of the vehicle. LTR is represented by the equation
given below:
LTR =
| Fr −Fl |
| Fr +Fl |
(1.2)
where, Fr and Fl are the sum of the normal forces acting on the right and left
sides of the pickup truck-trailer respectively. An LTR of 1 indicates complete
lift-off of one of the sides of the vehicle [19].
1.3.1.3 Offtracking
The final performance measure under the rapid SLC maneuver is offtracking.
Offtracking is defined as the lateral deviation between the path of the center
of the pickup truck’s first axle and the path of the center of the most severely
offtracking axle of the last unit [19, 24, 25]. In this study, the improvement in
offtracking of the vehicle with the ATS system is determined based on a com-
parison with the passive system, i.e. without the control system.
1.3.2 Steady-state ramp-steer maneuver
1.3.2.1 Handling performance
The steady-state handling performance pertains to the directional behaviour of
the articulated vehicle during a turn under time-invariant conditions [26]. The
handling characteristics of a vehicle is measured in terms of a gradient known
as understeer coefficient and is represented as Kus . From the handling diagram,
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Kus is the negative inverse of the slope of the handling curve at the required lat-
eral acceleration. The steady-state handling characteristics are classified into
three categories, namely, understeer, neutral steer and oversteer [26]. Under-
steer is defined as a phenomenon in which the slip angles at the front axles
increase more sharply than the rear axle at increasing values of lateral accel-
eration. A vehicle is considered to be understeer if Kus > 0. Neutral steer is a
phenomenon in which the slip angles at both the front and rear axles remain
the same at increasing values of lateral acceleration. A vehicle is considered
to be neutral steer if Kus = 0. Finally, oversteer is the phenomenon in which
the slip angle at the rear axle increases more sharply than the slip angles at the
front axles at increasing values of lateral acceleration. A vehicle is considered
to be oversteer if Kus < 0 [26].
This measure is evaluated by constructing a handling diagram that depicts the





, where L is the wheelbase of the pickup truck, r is the yaw rate of the
pickup truck, U is the constant forward speed, δ is the steering wheel angle and
Ng is the steering gear ratio. This measure is also referred to as the “three-point
measure” since the handling diagram of the vehicle is analyzed at three differ-
ent points. The handling diagram represents the stability and control charac-
teristics of a vehicle over a range of lateral accelerations [27].
First point: This point refers to the lateral acceleration at which the transition
from understeer to oversteer takes place. The recommended value of transition
from understeer to oversteer is 0.2 g. This ensures that the driver has reasonable
steering control of the vehicle over a reasonable range of lateral acceleration be-
fore the onset of oversteer [27].
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Second point: The understeer coefficient at this point is evaluated at a lateral
acceleration of 0.3 g and based on standards [27], this coefficient should be
higher than the critical understeer coefficient Kcr . The critical understeer coef-
ficient is computed using
−Lag
U 2
. This ensures that the driver does not experience
directional instability at critical speeds [28].
Third point: The understeer coefficient at this point is evaluated at a lateral ac-
celeration of 0.1 g and based on standards, the coefficient should fall between
0− 2 deg/g. This ensures handling controllability of the vehicle within its nor-
mal operating range [28].
1.3.2.2 Static Rollover Threshold (SRT)
Static Rollover Threshold (SRT) is defined as the maximum level of lateral ac-
celeration beyond which rollover of the vehicle occurs at steady-state [27]. The
SRT value of the configuration is the lateral acceleration at which the inner
wheel of the last axle lifts off the ground [19]. The recommended maximum
SRT value is 0.4 g.





2. Extreme case scenario
(a) Handling performance
Chapter 1 11
(b) Static Rollover Threshold (SRT)




The contributions of this thesis are as follows:
• Derived a linear 3-DOF yaw-plane model of a pickup truck-trailer com-
bination and validated its dynamics against a nonlinear TruckSim model.
This model was further used to develop the controllers mentioned below.
• Designed and implemented an LQR-based ATS system to enhance the
dynamic performance of the pickup truck-trailer combination at high-
speeds.
• Developed a robust H∞-based ATS system to improve the robustness of
the pickup truck-trailer combination at high speeds and under the influ-
ence of varying system parameters.
• Evaluated the effectiveness of the LQR and H∞ based ATS systems by com-
paring the dynamic performance of the controlled vehicle with that of the
uncontrolled one, for 12 different operating cases.
• Utilized the safety-related performance measures such as RWA ratio, LTR
and offtracking to gauge the improvement in safety and performance of
the controlled articulated vehicle with respect to the uncontrolled one.
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1.5 Thesis Organization
The rest of the thesis is structured as follows:
Chapter 2 provides a detailed literature survey on articulated vehicles and the
active safety systems employed to these vehicles to improve their lateral sta-
bility and maneuverability. This chapter also delineates the various types of
controllers used, with emphasis on LQR and H∞ control techniques.
Chapter 3 introduces the linear vehicle model and its validation with the non-
linear TruckSim model. Finally, an eigenvalue stability analysis is conducted
over a range of payload weights and trailer CG distances to examine the stabil-
ity boundaries of the derived linear model.
Chapter 4 deals with the synthesis of the LQR and H∞ controllers presented
in this study. It also details the theory behind the mentioned control systems
and describes the TruckSim-MATLAB/Simulink co-simulation environment for
each controller.
Chapter 5 introduces an extreme case scenario of the vehicle configuration
based on the pickup truck’s maximum hauling conditions. The dynamic be-
haviour of the configuration is analyzed at high speeds and based on the results
obtained, another extreme case configuration with improved dynamic charac-
teristics is proposed.
Chapter 6 presents the performance of the developed LQR-based and H∞-based
ATS controllers. Based on the results obtained, a comparative study is carried
out to investigate the safety aspect of the vehicle, by the application of estab-
lished performance measures.




This chapter presents a general survey on the modelling and safety systems
of combination vehicles. It also includes a comprehensive review on the ATS
systems and methodologies previously adopted by researchers. Furthermore,
the control techniques employed for the implementation of ATS systems are
discussed in detail.
2.2 Stability of Articulated Vehicles
Combination vehicles tend to exhibit various undesirable responses, especially
under loaded conditions and at high speeds. As two pivot-connected units, the
trailer is susceptible to instabilities such as trailer sway, jackknife and rollover.
Additionally, the handling performance of the vehicle towing the trailer is com-
promised due to the dynamic and kinematic influences from the trailer [6, 10,
13
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29]. Studies have emphasized the influence of physical parameters of the ve-
hicle and trailer through simulations and experimental testing. The effects of
trailer parameters on the lateral stability of combination vehicles were demon-
strated by Collins and Wong [30] in 1974. The authors suggested that parame-
ters such as hitch loading, trailer lengths and weights adversely influenced the
stability and handling of vehicle-trailer systems. Kurtz et al. [29] used ana-
lytical modelling, simulations and road testing to study the effect of system pa-
rameters on the stability of articulated vehicles. The authors confirmed that the
trailer’s CG location is a critical factor in the trailer’s stability. In 2008, Darling
et al.[31] carried out an extensive experimental study on car-trailer systems. A
detailed sensitivity analysis suggested that variations in trailer characteristics
such as yaw inertia, load distribution and trailer axle position have a significant
influence on the high-speed stability of the system.
2.3 Vehicle Systems Modelling
Vehicle systems are complex and inherently nonlinear. The modelling of vehi-
cle systems is the initial and most crucial part of designing a control system.
In order to understand the dynamics of articulated vehicles, a number of linear
and nonlinear mathematical models have been proposed by researchers.
In a study presented by Mokhiamar [32], a 15-DOF nonlinear model of an ar-
ticulated vehicle was developed using MATLAB/Simulink. This model took
into account nine motions of the vehicle units and six motions of the wheels.
A nonlinear 29-DOF car-trailer model was employed by M. Plöchl et al. [33]
to stabilize the unfavourable behaviour of vehicle-trailer combinations. Fratila
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and Darling [34] developed a complex car-caravan model with 24-DOF in a sim-
ulation package known as Bathfp. The model was composed of nonlinear tire
and suspension characteristics, in an attempt to accurately predict the handling
and stability of the combination at high speeds.
Sustersic [35] also demonstrated vehicle-trailer instabilities and the system was
modelled using ADAMS software. This study also incorporated the aerody-
namic influences obtained from Computational Fluid Dynamics (CFD). Sharp
and Fernandez [36] designed an elaborate 32-DOF mathematical model, using
AutoSim - a dynamic analysis software.
Collins [30], Hac et al. [10] investigated the effects of parameter variations of
various trailer configurations using a simple linear yaw-plane model of a car-
trailer system. Anderson and Kurtz [37] studied the handling characteristics of
car-trailer systems using 4-DOF and 6-DOF vehicle models. They showed that
the results obtained with the simple 4-DOF model were as accurate as those
obtained with the complex 6-DOF model.
Deng[38], Sun et al. [39], Ellis [40] and other researchers examined the lat-
eral dynamics of vehicle-trailer combinations using a 3-DOF linear yaw-plane
model, that neglects the effects of pitch and roll motions of these systems. These
models were extensively used to design active safety systems to improve the
lateral stability of a car-trailer system under various operating parameters. The
versatility of the 3-DOF linear yaw-plane model was demonstrated by [41, 42]
in their analysis and comparison of various active control schemes. The appli-
cability of various car-trailer models for the design of active safety systems was
investigated in-depth by He and Ren [43]. A linear 3-DOF, a nonlinear 4-DOF
and a nonlinear 6-DOF were generated and compared with a CarSim car-trailer
Chapter 2 16
model. The study confirmed that the linear 3-DOF vehicle model is suitable to
predict the lateral stability and in good agreement with the nonlinear vehicle
models under low lateral acceleration maneuvers.
The application of nonlinear mathematical models for the design of controllers
has been recommended by many researchers [17, 39, 44] in the past, due to its
reliability and high fidelity. However, the size and complexity of these models
are known to decrease the computational efficiency of simulations. Due to its
simplicity, linear mathematical models are generally preferred for the design
of control systems, provided the necessary precautions are taken to ensure that
important dynamic features are not lost [5, 43, 45].
2.4 Safety Systems for Articulated Vehicles
In order to enhance the safety of single-unit vehicles (cars, SUVs, minivans),
the FMVSS (Federal Motor Vehicle Safety Standards) 126 vehicle standard was
issued in North America, that mandates all vehicles from 2012 model year, to
be equipped with electronic stability control (ESC) system [46]. An ESC sys-
tem can generate a yaw moment that enhances the lateral stability of the vehi-
cle without driver intervention, during evasive steering maneuvers. Research
suggests that this system improves vehicle stability and path-following perfor-
mance under emergency maneuvers [47].
However, ESC systems are only applicable to single-unit vehicles and do not
take external units, such as trailers, into account. Combination vehicles are
highly susceptible to unique unstable motion modes due to their multi-unit
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configuration, which can lead to fatal accidents [5, 48]. Moreover, in compar-
ison to a single-unit vehicle, the driver of the combination vehicle has to also
deal with issues such as trailer oscillation, poor path-following and possible in-
stabilities [6]. Therefore, to strike a balance between the handling performance
of the towing vehicle and overall system stability, several passive and active
safety systems have been proposed.
2.4.1 Passive Safety Systems
Majority of the vehicle-trailer systems, till date, employ passive mechanisms to
solve issues related to tire scrubbing and maneuverability [14, 42].
Mechanisms such as the Hensley arrow and Equal-i-zer are commercially avail-
able to improve the lateral stability of articulated vehicles. The Hensley arrow
uses a mechanical linkage system to restrict the lateral movement of trailers
[49]. On the other hand, another system known as the Equal-i-zer is a 4-point
sway control that employs a combination of rotational friction sway control and
rigid trailer brackets [50].
Sorge [51] suggested the application of a four-bar linkage between the lead unit
and the trailer in place of the conventional pintle hitch, to improve the stability
and maneuverability of the system. Sharp and Fernandez [36] proposed the
inclusion of a coulomb friction damper at the pintle pin to stabilize the swaying
motion of combination vehicles.
However, the systems above improve the maneuverability and reduce lateral
tire forces exclusively in low-speed, steady-state maneuvers. This occurs at the
cost of poor high-speed performance. At high speeds and transient maneu-
vers, these systems cause higher lateral accelerations, poor handling and poor
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tracking [13, 14, 52]. Additionally, crucial parameters such as tire cornering
stiffness and weight distribution, that affect the lateral stability of articulated
vehicles tend to vary under different operating conditions. Therefore, since
the behaviour of these systems alters with varying parameters, the stability of
combination vehicles cannot be guaranteed with the aforementioned passive
systems. Such drawbacks of these systems have been well documented by a
number of researchers in the past [10, 36, 41, 43].
2.4.2 Active Safety Systems
Several active control strategies have been proposed in order to address the
safety issues associated with combination vehicles. Active control techniques
such as Active Trailer Braking systems (ATB) [5, 10, 18, 39, 41, 48], Active
Trailer Steering (ATS) systems [12–15], Active Roll Control (ARC) [53–55] and
Variable Geometry Approach (VGA) [41, 42, 56] have been proposed to improve
the handling, stability and maneuverability of articulated vehicles.
Rafay et al. [41] evaluated and compared the performance of three stability
control techniques for car-trailer systems, namely, ATB, ATS and VGA. The re-
sults obtained from numerical simulations demonstrated that the performance
of the combination vehicle was far more superior with these stability control
systems. It was also concluded that ATS and ATB control strategies have great
promise. In a similar study carried out by Smitha and He [42], the concept
of adaptive control approach was introduced as a method to maintain the lat-
eral stability of a car-trailer system, irrespective of the impact due to external
factors such as road and climatic conditions.
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2.4.2.1 Active Trailer Braking Systems (ATB)
One of the most commonly investigated and cost-effective active safety systems
for vehicle-trailer combinations is the ATB system [4, 5, 18, 36, 48]. This strat-
egy has been used extensively to improve the lateral stability and handling of
articulated vehicles at both low and high speeds [4, 5]. The main idea behind
the ATB control is the utilization of an active yaw moment generated from the
differential braking system of the trailer to control the yaw motion of the trailer,
thus stabilizing the vehicle system.
2.4.2.2 Active Trailer Steering Systems (ATS)
Although the many advantages of ATDB have been highlighted in the past, this
system needs to slow down the vehicle to operate. For a steady intervention of
the control system, the constant application of brakes is necessary, which can
cause undesired speed reduction and excessive wear of brake-lining and tires.
This aspect necessitates the need for a control system that can be used con-
tinuously during high-speed maneuvers, without aggressive interaction. Stud-
ies have also reported increased improvement in vehicle dynamics during low-
speed maneuvers using ATS [25].
Hata et al. [57] implemented a control technique for an ATS system on medium-
duty trucks that focused on improving the path following ability of the trailer
at low speeds. A similar approach was proposed by Notsu et al.[58] on a tractor
semi-trailer combination, called the coupling point path follow control. In this
strategy, the rear end of the combination was manipulated to follow the path
of the hitch point. This proposition, however, was not pursued further due to a
number of drawbacks.
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In an elaborate study carried out by Odhams et al. [59], a path-following steer-
ing control strategy was designed and physically tested on an experimental
tractor semi-trailer at both low and high speeds. The fidelity of this controller
was further established through TruckSim / MATLAB simulations, which were
validated against experimental data. It was concluded that the active steering
systems presented above reduced off-tracking, trailer sway and tire wear.
Cheng and Cebon [60] introduced a ‘virtual driver’ steering model for the de-
sign of an optimal ATS algorithm. This controller optimized a combination of
lateral load transfer and path-tracking error to enhance the roll stability of a
tractor semi-trailer, especially during transient maneuvers.
In order to address the problems associated with articulated vehicles at high
speeds, Cheng et al. [14] derived high-speed path-following and roll stability
controllers using ATS. The novelty of this research was the introduction of a
strategy to switch between the two controllers when required. This approach
resulted in improved path tracking and roll stability in both steady-state and
transient maneuvers.
Rangavajhula and Tsao [61] designed an ATS technique for articulated vehicles
that steered the front trailer axles proportionately to the articulation angles.
The optimal control design used in this study minimized both off-tracking and
RWA of the vehicle combination.
A benchmark investigation on two control algorithms for ATS systems of Ar-
ticulated Heavy Vehicles (AHV) was carried out by Ding et al. [2]. Fuzzy
Logic Control (FLC) and LQR techniques were applied and evaluated using
co-simulation in TruckSim and Simulink environment. Two road test scenar-
ios: a 90-degree intersection turn and an SLC maneuver, were used to compare
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the directional performance of the ATS systems based on the two controls algo-
rithms. Simulation results demonstrated superior stability and maneuverabil-
ity of AHVs with the integrated control systems.
In 2013, Jujnovich and Cebon [13] developed an ATS controller that included
aspects of low and high speed steering controllers. Feedback, feed-forward and
model matching strategies were utilized to ensure that the rear of the trailer fol-
lowed the path of the fifth-wheel at both low and high speeds. TruckSim sim-
ulations demonstrated improved maneuverability at low speeds and reduced
off-tracking at high speeds. The controller was also able to reject external dis-
turbances that affect the yaw and lateral dynamics of articulated vehicles. This
study, however, did not account for low friction conditions.
2.5 Control Techniques for Active Trailer Steering
Systems
Till date, several control strategies have been investigated for the implemen-
tation of ATS systems in articulated vehicles. Control systems such as Propor-
tional Integral Derivative (PID) [13], LQR [2, 5, 22, 41], Fuzzy logic control
[2, 62], H∞ [15, 63, 64] and Sliding Mode Control (SMC) [65–67] have been
explored for ATS systems in articulated vehicles.
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2.5.1 Linear Quadratic Regulator (LQR) Control Technique
LQR control is one of the most commonly investigated control systems for ac-
tive steering systems. This technique has been extensively applied in ATS sys-
tems to augment the lateral stability and maneuverability of articulated ve-
hicles. LQR is used to formulate optimal control gains to attain an optimal
trade-off between low-speed handling and high-speed lateral stability [68–70].
Furthermore, these controllers are relatively easier to synthesize and perform
much better than PID [5, 12, 15, 71].
Palkovics and El-Gindy [16] presented an active steering control strategy to im-
prove the handling characteristics of heavy vehicles. The LQR controller was
designed to minimize the states of the vehicle combination. A similar strategy
was also adopted by Hac et al. in 2008 [10] and El-Gindy et al. [21] in 2001.
Rangavajhula and Tsao [61] implemented an LQR controller for the develop-
ment of an ATS system for a tractor and three full trailers. The controller was
designed to reduce off-tracking and simultaneously minimize the RWA ratio of
the vehicle system under standard maneuvers. In a study carried out by Kim et
al. [70], an LQR-based active steering controller was designed to follow the de-
sired yaw rates of the reference tractor and trailer and also minimize the units’
CG side-slip angles. The proposed control technique worked well on both gen-
tle as well as sharp curves. Recently, Warrier [17] proposed an LQR-based ATS
controller to reduce the swept path width and eliminate trailer swing of an
articulated vehicle during cornering. Using a nonlinear vehicle model, the con-
troller was designed to follow the desired yaw rates and simultaneously min-
imize the CG side-slip angles of the tractor and trailer. The effectiveness of
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the control system was evaluated and validated with the aid of simulations un-
der a turning maneuver. The obtained results elucidate significant swept path
reduction of the tractor-trailer.
Although numerous studies have established the efficiency of LQR-based ATS
controllers in the directional performance of articulated systems, these con-
trollers exhibit robustness concerns. Most of these controllers are designed
under constant operating conditions and parameters. However, in reality, a
vehicle system is highly complex, and its parameters and external disturbances
are constantly changing [5, 12, 15, 71]. Therefore, in order to control a complex
vehicle system, it is crucial to adopt a robust control technique that can account
for the varying system uncertainties.
2.5.2 Robust Control Techniques
Robustness to parameter uncertainties, external disturbances and modelling
inaccuracies is a vital part of control system design. This is because, in real
applications, the plant to be controlled is far more complex, nonlinear and vul-
nerable to external disturbances [1]. Systems that can function under the effect
of external variations and uncertainty are deemed robust. It is imperative for
every control engineer to take into account the vulnerability of real-world dy-
namic systems to perturbations such as external disturbances, nonlinearities,
parametric uncertainties and many others [72]. A considerable amount of work
has been done in order to address robustness concerns.
Gain Matrix linear Interpolation (GMI) is a method used to improve the robust-
ness of the LQR controller [73]. Recently, in a study conducted by Keldani et
al. [73], a gain-scheduling LQR-based ATS control algorithm was introduced
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to augment the robustness of the conventional LQR-based controller. The ef-
fectiveness of the proposed controller was evaluated at various forward speeds
using numerical simulations, under an SLC maneuver. Results depicted that
the proposed robust ATS controller significantly improved the RWA ratio, di-
rectional performance and lateral stability of the car-trailer system. The Lin-
ear Matrix Inequality (LMI)-based LQR technique is also used to augment the
robustness of complex systems. In a study by Zhituo Ni and He [74], the ro-
bust ATS controller for the A-train Double proposed was designed using an
LMI-based LQR technique. The uncertainties considered in the design of this
controller were: vehicle forward speed and time constant of the ATS actuator
model. The results obtained using numerical and Hardware-In-the-Loop (HIL)
Real-Time (RT) simulations were in good agreement. The robust ATS controller
successfully enhanced the performance of the A-train Double at both low and
high speeds and also improved the RWA ratios of the vehicle system.
A well established robust control strategy is µ-synthesis. This controller has
been applied by several researchers in the past to acknowledge robustness is-
sues of complex systems [5, 12, 75]. In a study conducted by Yin et al. [76],
the robust µ-synthesis technique was applied in the design of an active steering
system. The control performance was evaluated using a linear vehicle model
with tire cornering stiffness as the uncertain parameter. The robustness of the
controller and its feasibility was assessed experimentally using HIL. Sikder [12]
suggested a µ-synthesis controller for ATS of a B-train Double to deal with sys-
tem uncertainties such as measurement and system noises. The controller’s
behaviour was analyzed under a random combination of 13 parametric uncer-
tainties that depict poor vehicle dynamics.
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Sliding Mode Control (SMC) is another frequently used robust control tech-
nique. The main advantages of sliding mode include simple implementation
design and insensitivity to parameter variations and external disturbances [77].
This control technique has been widely used to control complex, nonlinear ar-
ticulated vehicles with uncertainties [65–67]. SMC works on the basis of a high-
frequency control switching approach, which is robust and accurate. However,
this high-frequency control switching is responsible for the dangerous chat-
tering effect, which tends to damage mechanical actuators (steering, brakes)
[12, 66, 78].
Model Reference Adaptive Control (MRAC) is another control technique that
can guarantee both stability and performance over a range of varying param-
eters [79]. This method has been adopted by Smitha and He [42] and Wang
[71] to actively steer trailer axles of articulated vehicles. The results in both
cases were examined using numerical simulations, and Wang [71] justified the
effectiveness of this controller using Driver-Hardware-In-the-Loop (DHIL)-RT
simulation. This technique demonstrated superior lateral dynamics of artic-
ulated vehicles despite parametric uncertainties such as trailer payloads and
vehicle forward speeds.
As mentioned earlier, robustness is a crucial criteria for the design of con-
trollers, and its importance has been highlighted by numerous researchers in
the past [2, 5, 12, 39, 69]. In reality, the system to be controlled is complex
and nonlinear and comprise of Multiple Inputs and Multiple Outputs (MIMO).
Although nonlinear control techniques, such as Sliding Mode Control (SMC),
exist, they are difficult to tune for acceptable performance.
H∞ control is a linear control technique that was introduced in 1980 and ever
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since, it has been regarded as a powerful tool for stabilizing uncertain complex
systems. This technique is not just robust to uncertainties, but it is also capable
of guaranteeing system stability [1].
This control technique has been widely used in the field of vehicle control. A
four-wheel steering (4WS) controller was designed using H∞ control strategy to
improve the transient handling stability of a 4WS vehicle at high speeds [80].
The control algorithm was designed based on yaw rate tracking and effectively
reduced peak values of yaw rates, lateral accelerations and side-slip angles un-
der high-speed maneuvers. A novel H∞-based active front steering system in-
tegrated with electric power steering was introduced by Zhao et al. [81]. A
satisfactory steering feel and robust steering and performance were selected as
the control objectives of this controller. Simulation results validated the effec-
tiveness of this controller. Sun and Yan [82] proposed a novel H∞ fuzzy control
design using the Lyapunov function. The feasibility of this control technique
was evaluated on a computer-simulated truck-trailer system. Güvenç et al.[83]
developed a robust 2-DOF steering control to improve the yaw dynamics of a
passenger car. A Linear Parameter-Varying (LPV) H∞ control was synthesized
based on six operating scenarios of vehicle speed and road friction coefficient.
The controller was designed to provide corrective steering action only when re-
quired. The effectiveness of this control algorithm was evaluated using linear
and nonlinear simulations. In a similar study later in 2009, Güvenç et al. [84]
evaluated the effectiveness of the robust controller using HIL-RT simulations.
Horiuchi et al. [85] introduced an active steering control approach using 2-DOF
H∞ control strategy. This system was composed of a feed-forward controller to
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ensure reasonable command tracking and a feedback controller to satisfy ro-
bustness requirements. The efficiency of this control system was demonstrated
through simulations and ground tests on an experimental vehicle.
H∞ control strategy for ATS systems in articulated vehicle systems is a sub-
ject that is steadily gaining recognition in the world of research. In a recent
study carried out by Sadeghi et al. [64], a robust steering-based controller for
an A-double combination vehicle, equipped with a steerable dolly, was devel-
oped. The controller synthesis was formulated as an H∞-type design problem
based on LMI optimization. The control objective was to ensure robust sta-
bility and performance of the vehicle under the influence of parametric un-
certainties such as tire cornering stiffness and moment of inertia of the semi-
trailers. The robustness of the controller was verified by conducting simula-
tions on both linear and nonlinear models and significant improvement in the
lateral dynamics of the A-double was observed. Hingwe et al.[86] suggested an
LPV H∞ control technique for the automated lane keeping of a tractor-trailer
combination. By incorporating the LPV-based design, the authors were able
to synthesize a velocity-dependent controller that demonstrated superior per-
formance. Kapoor [15] recommended the application of mixed-sensitivity H∞
control technique for the ATS system of a B-train Double. The robust controller
was optimized for a speed range of 40 to 120 km/h by the application of Ge-
netic Algorithm (GA). This control technique enhanced the performance of the
vehicle system under both SLC and Double Lane Change (DLC) maneuvers.




This chapter reviewed the various safety systems for articulated vehicles, with
special emphasis on ATS systems. Literature suggested that these systems can
effectively improve the dynamic behaviour of articulated vehicles under var-
ious scenarios. Researchers reported significant improvement in offtracking,
RWA and lateral load transfer on the application of ATS systems to articulated
vehicles. Numerous control techniques such as PID, SMC and fuzzy logic have
been used for the synthesis of ATS systems. The most popular technique is the
LQR control technique. However, numerous studies indicated that this control
technique fails to exhibit robustness in the presence of external disturbances
and system uncertainties. For this reason, many researchers have proposed the
use of robust control systems such as SMC, µ-synthesis and H∞. H∞ is a con-
trol system that can overcome the effects of operating uncertainties to achieve
robustness of the system.
Chapter 3
Vehicle System Modelling and
Stability Analysis
3.1 Introduction
In this chapter, a 3-DOF yaw-plane linear model is derived and validated against
a nonlinear TruckSim model. It is imperative to ensure that the mathematical
model used for the development of the ATS system is stable over a reasonable
operating range. Therefore, the stability boundaries of the linear model are
evaluated using the eigenvalue sensitivity analysis. This analysis is carried out
under varying vehicle parameters, i.e. trailer’s payload weights and CG dis-
tances.
3.2 3-DOF Yaw-Plane Linear Model
Vehicle system modelling is the most crucial and foremost part of controller
design. In this study, a 3-DOF yaw-plane linear model is adopted for the design
29
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of an ATS system. The model is developed by deriving the governing equations
of motion of the combination vehicle, based on Newton-Euler’s equations of
motion. The vehicle system comprises of a pickup truck and a tandem-axle
gooseneck trailer. The two vehicle units are connected by a hitch located on
the rear axle of the pickup truck, as illustrated in Figure 3.1. The schematic
representation of the pickup truck-trailer combination is given in Figure 3.2.
Figure 3.1: Pickup truck and gooseneck combination
Figure 3.2: Schematic representation of the 3-DOF vehicle model
The 3-DOF model was developed using the body-fixed coordinate system with
three independent motions, namely, lateral velocity of the pickup truck and
yaw rates of the pickup truck and trailer. The assumptions considered for the
modelling of the 3-DOF system are [5, 12, 15, 41, 73]:
1. The vehicle is moving at a constant forward speed U.
2. Small angle approximations are applicable for the articulation and steering
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angles.
3. The pitch and roll motions are neglected.
4. The aerodynamics and braking forces are neglected.
5. Linear tire model is used.
The equations of motion of the pickup truck are:
m1(V
.
y1 +Ur1) = Fy1 +Fy2 −Fyh (3.1)
Iz1r
.
1 = aFy1 − bFy2 + dFyh (3.2)
The equations of motion of the trailer are:
m2(V
.
y2 +Ur2) = Fy3 +Fy4 +Fyh (3.3)
Iz2r
.
2 = −fFy3 − gFy4 + eFyh (3.4)










2e = −Ur1 +Ur2 (3.5)
The lateral tire forces are given by:
Fyi = −Ciαi , (3.6)
where, i takes values between 1-4 representing the 4 axles of the vehicle combi-
nation, Ci and αi is the cornering stiffness and slip angle of the tire respectively.
The above governing equations of motion can be represented in state-space
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form. The state-space equation of the 3-DOF pickup truck and trailer com-
bination can be expressed as:
x(t)
.
= Ax (t) +Bu(t) (3.7)
y(t) = Cx (t) +Du(t) (3.8)
where, x(t) is the state variable vector and it is defined as x = [Vy1 r1 Vy2 r2].
A is the state matrix, B is the input matrix and control input u is [δ3 δ4]T ,
where δ3 and δ4 represent the steering angles of the two trailer axles. C is the
output matrix and D is the feedforward matrix. More details are offered in the
Appendix.
3.3 Nonlinear TruckSim Model
The TruckSim software used in this study is an efficient method for simulating
nonlinear multi-axle vehicle models. Its comprehensive user interface enables
the user to analyze heavy vehicles under a variety of complex test scenarios.
It is a useful analysis tool that is used by industry and researchers to analyze
vehicle performance characteristics and design active safety systems. TruckSim
models have been extensively validated against experimental data in the past
[45, 87, 88].
The sprung masses of the pickup truck and trailer are regarded as rigid bodies
with six Degrees of Freedom (DOF); three translating motions in the longitu-
dinal, lateral, vertical directions and three rotating namely, roll, pitch and yaw
angular motions. The gooseneck trailer’s hitch is modelled as a joint about
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which roll, pitch and yaw motions are permitted. The axles exhibit roll and
vertical motions while the tires and suspensions have nonlinear characteris-
tics [5]. Figure 3.3 depicts the pickup-truck configuration with a tandem-axle
gooseneck trailer in TruckSim. Figure 3.4 depicts the TruckSim user interface.
Figure 3.3: Configuration of a pickup truck with a tandem-axle gooseneck
trailer in TruckSim
Figure 3.4: TruckSim user interface
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3.4 Model Validation
To establish the accuracy of the linear 3-DOF model, it is validated with the
nonlinear TruckSim model using an open-loop simulation technique. The dy-
namic responses of the 3-DOF model are compared with the responses of the
nonlinear TruckSim model. In this study, both the models are subjected to an
open-loop test under an SLC maneuver [4, 5]. The simulated steering input is
a single-cycle sine wave fixed at a frequency of 0.4 Hz, and the forward speed
is kept constant at 60 km/h [5]. The steering input is illustrated in Figure 3.5,
and the block diagram of the open-loop environment for validation is depicted
in Figure 3.6.
Figure 3.5: Open-loop SLC steering input
Chapter 3 35
Figure 3.6: Block diagram of the open-loop environment for validation
The fidelity of the 3-DOF linear model is established by comparing the lateral
acceleration and yaw rate with the pickup truck-trailer configuration in Truck-
Sim. Figures 3.7 and 3.8 depict the lateral acceleration and yaw rate responses
of the 3-DOF model and TruckSim.
Figure 3.7: Lateral acceleration responses of the 3-DOF model and TruckSim
model
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Figure 3.8: Yaw rate responses of the 3-DOF model and TruckSim model
The lateral acceleration and yaw rate curves of the 3-DOF linear model demon-
strate reasonable agreement with the responses of the TruckSim model. How-
ever, a slight variation in the peak values of both lateral accelerations and yaw
rates are observed. This variation is attributed to the nonlinearity of the Truck-
Sim model.
Despite the assumptions made, the simplified linear model is a fair representa-
tion of the motions in concern for this research.
3.5 Eigenvalue Stability Analysis
System stability is an imperative factor in the design and control of vehicle sys-
tems, as it is closely associated with system safety. Eigenvalue stability analysis
is performed to determine the stability boundaries of the 3-DOF linear vehicle
system developed in Section 3.2. This method aids in the estimation of unstable
motion modes and critical speeds of the linear vehicle model. The eigenvalues
of the dynamic system are computed using the system matrix A of the 3-DOF
linear model [89, 90].
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Each pair of the eigenvalue is represented as a complex characteristic root given
by:
S1,2 = Re ± jωd (3.9)
where, Re is the real part and jωd is the imaginary part. For a system to be
deemed stable, all the roots should have negative real parts. If any pair of the
roots have a positive real part, the system is characterized to be dynamically un-
stable. The real and imaginary parts of equation 3.9, are then used to calculate
the damping ratio ζ, as shown in the following equation.
ζ =
−Re√
(Re )2 + (ωd )2
(3.10)
The damping ratio is expressed as a function of vehicle forward speed. A damp-
ing ratio of 1 implies that the system is stable. Once the damping ratio ap-
proaches zero, the vehicle system is close to instability and in the negative re-
gion, the vehicle becomes unstable [89, 90].
In Chapter 2, it was established that trailer parameters have a significant impact
on the stability of articulated vehicles. Therefore, the stability of the 3-DOF
linear model is assessed under varying trailer parameters, i.e. trailer’s payload
longitudinal CG distance and weight.
The stability boundaries of the vehicle combination were evaluated at payload
weights of 0 kg, 1000 kg, 2000 kg and 3000 kg and longitudinal CG distances of
5 m, 5.5 m and 6 m from the hitch. Parameters such as cornering stiffness and
trailer yaw moment of inertia are significantly influenced by the payload, and
therefore, these parameters were adjusted accordingly. The rest of the parame-
ters were kept constant, and the damping ratios at various forward speeds were
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evaluated. Table 3.1 demonstrates the influence of varying payload weights at
constant CGs. The overall behaviour of the system suggests that with increas-
ing payload, the damping ratio tends to reduce, indicating instability of the
system at higher payload weights. Close observation of the results indicates the
vehicle’s vulnerability to unstable motion modes at high speeds, with higher
payloads and CG distances located further away from the hitch.
Table 3.1: Summary of eigenvalue sensitivity analysis
Case No. Weight (kg) CG (m)
Damping ratio
Motion Mode 1 Motion Mode 2
Min Max Speed (km/h) Min Max Speed (km/h)
1 0 5 0.289 1 above 200 0.715 1 above 200
2 1000 5 0.27 1 above 200 1 1 above 200
3 2000 5 0.27 1 above 200 -1 1 180
4 3000 5 0.281 1 above 200 -1 1 200
5 0 5.5 0.211 1 above 200 0.594 1 above 200
6 1000 5.5 0.264 1 above 200 0.716 1 above 200
7 2000 5.5 0.295 1 above 200 0.71 1 above 200
8 3000 5.5 0.343 1 above 200 0.57 1 above 200
9 0 6 -0.019 1 200 0.68 1 200
10 1000 6 -0.048 1 180 0.724 1 180
11 2000 6 -0.038 1 180 -0.70 1 180
12 3000 6 -0.639 1 200 0 1 200
3.6 Summary
In this chapter, a 3-DOF yaw-plane model was derived. This model was then
validated against a nonlinear pickup truck-trailer model in TruckSim under an
open-loop SLC maneuver, to establish the fidelity of the yaw-plane model. The
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simulation results demonstrated reasonable agreement between the linear and
nonlinear models. Finally, the stability boundaries of the 3-DOF model were
determined by carrying out an eigenvalue stability analysis and the effect of
varying speeds, trailer’s payload weights and CG distances were examined. In
subsequent chapters, this 3-DOF linear model is employed to design the ATS
systems.
Chapter 4
Design of Active Trailer Steering
Controllers
4.1 Introduction
In this chapter, the implementation of the LQR-based and H∞-based ATS con-
trollers are discussed. Furthermore, the associated control theories and math-
ematical laws governing these control strategies are elaborated in detail. This
section also illustrates the co-simulation environment generated between Truck-
Sim and MATLAB/Simulink, on the basis of which, the dynamic performance
of the vehicle is evaluated.
4.2 LQR Control Technique
The LQR controller is a full-state optimal feedback controller. In the design
process of LQR, a gain matrix K is calculated based on the state-space model
mentioned in section 3.2, to attain the desired system performance.
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(xTQx + uTRu)dt (4.1)
where, Q is the weighting matrix that penalizes the magnitude of the states and
R is the weighting matrix that penalizes the control inputs. Both Q and R are
represented as a positive-definite matrix.
The optimal control law is determined by minimizing the quadratic cost func-
tion (Equation 4.1) and is denoted by:
u = −Kx (4.2)
where, K is the feedback gain and is computed by solving the Algebraic-Riccati
Equations [15, 90].
4.2.1 LQR weighting matrices
The main objective of the controller design is to improve the high-speed lateral
behaviour of the pickup truck-trailer combination, in the presence of an exter-
nal steering input [16]. This objective is achieved by selecting the weighting
functions Q and R appropriately. As mentioned earlier, the Q matrix is applied
to the states of the system. The desired performance is obtained by penalizing
the values in the Q matrix corresponding to the concerned states. R matrix,
on the other hand, penalizes the magnitude of control input or actuator effort
required to achieve the desired performance. In this study, matrices Q and R
are tuned manually to achieve the desired performance.
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4.2.2 LQR-based ATS system
The LQR controller described above is utilized to design an ATS system for
the pickup truck-trailer combination. Figure 4.1 illustrates a block diagram of
the LQR-based ATS system developed in the co-simulation environment with
TruckSim and MATLAB/Simulink. The desired ATS angles are generated with
the help of the LQR gain matrix obtained using the Control System Toolbox in
MATLAB.
Figure 4.1: Schematic representation of the LQR-based ATS controller
4.3 H∞ Control Technique
The concept of robustness and its importance in control system design has been
highlighted extensively in previous studies [1, 12, 15, 18, 64]. The robust con-
trol theory assumes that there exists an error between the actual plant and the
mathematical model used, and therefore, this error is used in the design pro-
cess of the control system. In reality, physical systems are complex and highly
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vulnerable to external disturbances and operating conditions. In articulated
vehicle systems, for example, payload parameters such as weight, the moment
of inertia and tire cornering stiffness are constantly prone to variations. These
variations affect the dynamic behaviour of the system significantly, which can,
in turn, compromise the stability of the vehicle. LQR controllers are generally
designed based on perfectly known and pre-defined parameters. Moreover, the
LQR controller does not necessarily provide the optimal solution in the pres-
ence of parametric uncertainties or external disturbances [16]. Therefore, the
robust H∞ controller is proposed in this study to account for uncertainties, such
as the trailer’s payload weight and payload’s CG distances.
4.3.1 H∞ control theory
H∞ control technique is adopted in the design process of the robust ATS con-
troller. The standard H∞ control layout is illustrated in Figure 4.2. In the figure,
Gaug is the augmented system, and K is the stabilizing H∞ controller; ω and
z represent the external inputs to the system and the weighted performance
outputs respectively; u and y denote the control signal and the output signal
respectively.
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Figure 4.2: Standard mixed-sensitivity H∞ structure [1]
Based on this system, the state-space representation of the augmented plant is
given by: 
x. = Ax +B1ω+B2u
z = C1x +D11ω+D12u
y = Cyx +Dy1ω+Dy2u
(4.3)
where, x , y , z represent the state, output and weighted output vectors respec-
tively; u and ω denote the control input and external input vectors; A, B1, B2,
C1, D11, D12, Cy , Dy1 and Dy2 represent the state-space matrices [81].
The objective of the H∞ control problem is to find a controller, K , that can
guarantee both performance and stability of the plant G under parametric un-
certainties such as payload weight ranging between 0-3000 kg and its longitu-
dinal CG distance ranging from 5-6 m. The controller K is given by:
u = Ky (4.4)
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and the state-space representation of K is given by:

η
. = AKη +BK y
u = CKη +DK y
(4.5)
where, η is the state vector of the controller and AK , BK , CK and DK are the
state-space matrices of the controller [81].
The standard H∞ structure depicted in Figure 4.2 is expanded to form the H∞
closed-loop feedback system. This layout is illustrated in Figure 4.3.
Figure 4.3: Mixed-sensitivity H∞ closed-loop feedback system [1]
where, We and Wu represent the weighting functions, the weighted perfor-
mance output signals are denoted by ze and zu , r is the reference signal, e is
the error signal, u and y represent the control signal and system output signal
vector, G is the uncertain system to be controlled and K is the stabilizing H∞
controller.
The design objective of a closed-loop system is generally characterized by its
cost function. As discussed in Section 4.2, the LQR control technique requires
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one cost function. However, the design of an H∞ controller requires a combi-
nation of cost functions for reasonable reference tracking, disturbance atten-
uation and robust stabilization. The cost function is minimized by employ-
ing frequency dependant weighting functions, to achieve the desired controller
performance [1, 15, 91]. The cost function of the mixed-sensitivity H∞ is given
in Equation 4.6.
minK
∥∥∥∥∥∥ We(I +GK )−1WuK (I −GK )−1
∥∥∥∥∥∥∞ (4.6)
This formulation permits proper reference tracking and limits the control sig-
nal energy. The design objective of the H∞ technique is to minimize the output
signal for all external inputs by computing the controller feedback gain K [1].
4.3.2 H∞ weighting functions
Selecting appropriate weighting functions is crucial in attaining the system’s
desired performance objectives. These weights are the tuning parameters to
achieve the best compromise between various objectives. The control system
is composed of the performance weighting functions (We ) and control signal
weighting functions (Wu ). Similar to the LQR controller, these weighting func-
tions were also manually tuned. The performance weighting functions regulate
the yaw rate error output signals, and the control signal weighting functions
regulate the magnitude of control input requirements. The weighting functions
used in this study are adopted from [12, 92] and have been manually tuned to















4.3.3 Yaw rate reference model
The H∞ controller requires a suitable reference signal to track the desired yaw
rate for the pickup truck-trailer combination. This technique ensures that the
vehicle maintains its intended path. The control signal is generated when the
controller receives the error between the reference yaw rate signal and the ac-
tual yaw rate of the plant. Numerous studies have implemented robust con-
trollers that use yaw rate tracking to enhance the lateral stability of the vehicle
[12, 15, 18, 91]. Moreover, yaw rate manipulation directly influences the lateral
acceleration of the vehicle [91].
The desired yaw rate is frequently calculated using the linear vehicle model
[12, 15, 18, 91]. The steady-state yaw rate of the linear yaw-plane model is
considered as the desired yaw rate and is expressed as a function of steering
input and vehicle forward speed. In this study, the steady-state yaw rate is
obtained using the linear vehicle model presented in Section 3.2 at steady-state
conditions. The steady-state yaw rate of the pickup truck towing a tandem-axle
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where, rss is the steady-state yaw rate of the pickup truck, U is the constant
forward speed and δ is the steering input. The parameter L is given by:
L =
l1 −C3C4l22[C1(l1 + (d − b)) +C2(d − b)]
C1C2l1[C3(e + f ) +C4(l2 + (e + f )]
(4.8)











m2ag (C4g −C3f )[C1(l1 + (d − b)) +C2(d − b)]
C1C2l1[C3(e + f ) +C4(l2 + (e + f ))
(4.9)
where, ag is the acceleration due to gravity. The rest of the parameters are
described in the Appendix.
Appropriate time and transport delays are then added to the system to achieve
the desired yaw rates of each of the vehicle units [12, 15, 91]. The desired yaw





where, rdesired is the desired yaw rate and τdelay is the induced time-delay.
Finally, the desired yaw response is bounded by a function of road adhesion
coefficient presented by [93] and implemented by [15, 91, 94]. The bounded
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yaw response is depicted by:




where, µ is the road adhesion coefficient and ag is the acceleration due to grav-
ity. When the desired yaw rate exceeds the bounded yaw response, the value is
saturated to ±rdesired ,bound .
4.3.4 H∞-based ATS system
In this study, a robust H∞ controller is used to design the ATS system, that is
capable of attaining robust stability by considering parameter variations. More-
over, H∞ ensures superior yaw rate tracking of the vehicle units.
The configuration of the H∞-based ATS system is illustrated in Figure 4.4, where
the performance weighting function, We , tailors the yaw rates, r1, r2, of the
pickup truck and trailer and the control weighting function, Wu , characterizes
the ATS angles, δ3, δ4. The configuration in [15] was modified to match the
requirements of the proposed control system. The H∞-based ATS controller is
obtained using the Robust Control Toolbox in MATLAB. The external input to
the system δ1 is the steering angle input that is fed to the vehicle model and
reference model. The performance signals are denoted by the error tracking
signal for the pickup truck, ze1, and trailer, ze2, and two control signal atten-
uation signals, zδ3 and zδ4 . Each of the performance signals is weighted by a
unique weighting function, as mentioned in Section 4.3.2. The inputs y to the
H∞ controller are the error signals between the reference yaw rates and the
actual yaw rates. The controller’s outputs u are the ATS angles, δ3 and δ4.
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Figure 4.4: Schematic representation of the H∞-based ATS controller
4.4 Summary
The LQR and H∞ control theories were introduced in this chapter for the design
of ATS systems. Additionally, the theoretical steps involved in the design of the
LQR and H∞-based ATS systems were discussed. The objective of the LQR con-
troller is achieved by appropriately tuning the weighting matrices Q and R,
using the method of trial and error. The performance and control weighting
functions of the H∞ controller are tuned similarly. Moreover, the reference yaw
rate model used by the H∞ controller to facilitate reference tracking is also dis-
cussed. This yaw rate model is crucial for the enhanced dynamic performance
of the pickup truck-trailer combination.
Chapter 5
Case Study: Extreme Case Scenario
In this chapter, an extreme case scenario is introduced to investigate the dy-
namic behaviour of a pickup truck-trailer configuration under extreme condi-
tions. The configuration is subjected to loads based on the maximum towing
capacity and maximum rear axle loads of the pickup truck and maximum al-
lowable payload height. Two configurations with different trailer parameters
are investigated in the following sections.
5.1 Configuration I
The extreme case scenario is based on a study carried out in [27], where the dy-
namic performance of seven different pickup truck-trailer configurations were
evaluated. The Class 2 pickup truck and gooseneck trailer configuration is
referred to as Configuration I. The parameters of the pickup truck models
were based on data sheets published by the Original Equipment Manufacturer
(OEM). The trailer and payload specifications were based on Commercial Ve-
hicle Safety and Enforcement (CVSE) policies, maximum towing capacity and
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maximum rear axle loads of the pickup truck. Furthermore, the payload CG
height was based on the maximum legal overall height in British Columbia,






where, MH is 4.15 m, and it is the maximum legal overall height for vehicles in
British Columbia. TDH represents the trailer deck height.
The performance measures used in this study are adopted by CVSE to aid in the
development of safety regulations related to the stability of articulated vehicles.
In the following sections, the dynamic behaviour of Configuration I, under the
standard high-speed maneuvers described in Chapter 1.3, is presented:
5.1.1 Steady-state ramp-steer maneuver
As described in Section 1.3, the handling characteristics and SRT are deter-
mined at steady-state by the application of a ramp-steer input. Based on the
standards specified in [27, 28], the configuration is evaluated under a ramp-
steer input of 1.33 deg/s at a constant forward speed of 90 km/h. The maneuver
is depicted in Figure 5.1.
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Figure 5.1: Ramp-steer maneuver
The performance measures based on the maneuver mentioned above are de-
scribed below:
1. Handling performance: This measure is evaluated based on the construc-
tion of a handling diagram illustrated in Figure 5.2. The x-axis represents
the parameter LrU −
δ
Ng
and the y-axis represents the lateral acceleration in
g-units. The understeer coefficient is the negative inverse of the slope in
Figure 5.2 at a particular value of lateral acceleration. From the figure, it
is apparent that the configuration exhibits understeer characteristics.
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Figure 5.2: Handling diagram of Configuration I
Table 5.1 portrays the pass/fail criteria based on the three-point measure
described in Section 1.3.2.1.
Table 5.1: Configuration I handling performance - Pass/Fail benchmark
Points Units Benchmark Configuration I
Point 1 (Transition) g ≥ 0.20 g Pass
Point 2 ( 0.3 g) deg/g ≥ -3.31 deg/g 0.55 - Pass
Point 3 ( 0.1 g) deg/g 0 - 2 deg/g 0.57 - Pass
2. Static Rollover Threshold (SRT): The SRT is determined by measuring the
lateral acceleration at which the last axle of the configuration just lifts off
the ground. Figure 5.3 illustrates the scenario on the basis of which the
SRT is computed.
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Figure 5.3: Rollover prediction for Configuration I
Table 5.2 represents the pass/fail benchmark used to assess the SRT of Config-
uration I.
Table 5.2: Configuration I SRT - Pass/Fail benchmark
Measure Units Benchmark Configuration I
SRT g ≥ 0.4 g 0.64 g - Pass
5.1.2 SLC maneuver
The SLC maneuver specified in [27] is illustrated in Figure 5.4 and is performed
at a constant forward speed of 88 km/h. This maneuver is applied to evaluate
the following performance measures.
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Figure 5.4: SLC maneuver
1. RWA ratio: The RWA ratio is the ratio of the maximum (absolute value)
lateral acceleration at the CG of the trailer to that of the leading unit. Fig-
ure 5.5 represents the time history of lateral accelerations of both the units
in Configuration I. The pass/fail benchmark used to assess this measure
is provided in Table 5.3.
Figure 5.5: Lateral acceleration responses of Configuration I
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2. LTR: The LTR is determined to evaluate the load transfer between the
left and right tires, which causes a variation in the left and right normal
forces. It is calculated using the formula presented in Section 1.3.1.2. The
pass/fail benchmark used to assess this measure is provided in Table 5.3.
3. Offtracking: Offtracking is characterized as the deviation of the rearmost
axle with reference to the path taken by the first axle, which is also known
as the overshoot. Figure 5.6 illustrates the lateral displacement of axles 1
and 4. The pass/fail benchmark used to assess this measure is provided
in Table 5.3.
Figure 5.6: Offtracking for Configuration I
Table 5.3: Performance measures under an SLC maneuver for Configuration I
- Pass/Fail benchmark
Measure Units Benchmark Configuration I
RWA ratio N/A ≤ 2 0.92 - Pass
LTR N/A ≤ 0.6 0.24 - Pass
Offtracking m ≤ 0.8 0.25 - Pass
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5.1.3 Discussion
Analyzing the results obtained above, it was observed that although it passed
all the performance benchmarks, Configuration I was significantly unstable
and experienced high oscillations (refer Figures 5.5 and 5.6). This is attributed
to trailer’s parameters such as the location of trailer’s hitch on the bed of the
pickup truck and trailer’s longitudinal CG distance. In this configuration, the
trailer’s hitch was located slightly ahead of the pickup truck’s rear axle. Ad-
ditionally, the longitudinal CG distance was located closer to the hitch of the
trailer.
Therefore, in order to obtain a reasonably stable configuration, a gooseneck
trailer based on the standard TruckSim model, with a longitudinal CG distance
further away from the hitch, is proposed. Moreover, the trailer’s hitch is placed
directly above the pickup truck’s rear axle. More details on the trailer param-
eters are provided in the Appendix. The Class 2 pickup truck combined with
this trailer will be referred to as Configuration II, and its dynamic behaviour at
high speeds is evaluated in the following section.
5.2 Configuration II
In this section, Configuration II is evaluated under the same test conditions de-
scribed in Section 5.1. To further investigate the performance of Configuration
II, the payload’s longitudinal CG distance locations are placed at two different
points, i.e. 5 m and 6 m from the trailer’s hitch.
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In the following subsections, along with the dynamic behaviour of the pas-
sive Configuration II, the effect of applying LQR-based and H∞-based ATS con-
trollers to the configuration is investigated.
5.2.1 Steady-state ramp-steer maneuver
Based on the maneuver described in Section 5.1.1, Configuration II is evaluated
on the following performance measures.
1. Handling performance:
(a) Payload longitudinal CG distance of 5 m: Figure 5.7 represents the
handling diagram of Configuration II with a payload longitudinal
CG distance of 5 m. The diagram illustrates the handling charac-
teristics of Configuration II in passive state and with the application
of LQR and H∞-based ATS controllers. From the figure, it is appar-
ent that the configuration exhibits oversteer characteristics in passive
state and understeer characteristics in active states. Table 5.4 por-
trays the pass/fail criteria of the configuration in passive state and
with the application of LQR and H∞-based ATS controllers.
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Figure 5.7: Handling diagram of Configuration II (5 m payload CG)





Point 1 (Transition) g ≥ 0.20 Fail Pass Pass














(b) Payload longitudinal CG distance of 6 m: Figure 5.8 depicts the
handling diagram of Configuration II with a payload longitudinal
CG distance of 6 m. The handling behaviour observed in this case
is similar to the behaviour observed at a payload longitudinal CG
distance of 5 m.
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Figure 5.8: Handling diagram of Configuration II (6 m payload CG)





Point 1 (Transition) g ≥ 0.20 Fail Pass Pass














2. Static Rollover Threshold (SRT): The SRT of Configuration II with payload
longitudinal CG distances of 5 m and 6 m, under both passive and active
states are demonstrated in Table 5.6.
Chapter 5 62






















Based on the SLC maneuver described in Section 5.1.2, Configuration II is eval-
uated on the basis of its RWA ratio, LTR and offtracking.
1. RWA ratio: Figures 5.9 and 5.10 represent the lateral acceleration re-
sponses of both the units in Configuration II with payload longitudinal
CG distances of 5 m and 6 m, under both passive and active states. The
pass/fail of Configuration II with payload longitudinal CG distances of 5
m and 6 m, under both passive and active states are specified in Tables
5.7 and 5.8.
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Figure 5.9: Lateral acceleration responses of Configuration II under passive,
LQR-based ATS and H∞-based ATS (5 m payload CG)
Figure 5.10: Lateral acceleration responses of Configuration II under passive,
LQR-based ATS and H∞-based ATS (6 m payload CG)
2. LTR: The pass/fail of Configuration II with payload longitudinal CG dis-
tances of 5 m and 6 m, under both passive and active states are specified
in Tables 5.7 and 5.8.
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3. Offtracking: Figures 5.11 and 5.12 illustrate the lateral displacements of
axles 1 and 4 of Configuration II with payload longitudinal CG distances
of 5 m and 6 m, under both passive and active states. The pass/fail of
Configuration II with payload longitudinal CG distances of 5 m and 6 m,
under both passive and active states are specified in Tables 5.7 and 5.8.
Figure 5.11: Offtracking for Configuration II under passive, LQR-based ATS
and H∞-based ATS (5 m payload CG)
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Figure 5.12: Offtracking for Configuration II under passive, LQR-based ATS
and H∞-based ATS (6 m payload CG)
Table 5.7: Performance measures under an SLC maneuver for Configuration




RWA ratio N/A ≤ 2 1.260 - Pass 1.136 - Pass 1.038 - Pass
LTR N/A ≤ 0.6 0.221 - Pass 0.204 - Pass 0.192 - Pass
Offtracking m ≤ 0.8 0.159 - Pass 0.107 - Pass 0.056 - Pass
Table 5.8: Performance measures under an SLC maneuver for Configuration




RWA ratio N/A ≤ 2 1.334 - Pass 1.176 - Pass 1.051 - Pass
LTR N/A ≤ 0.6 0.237 - Pass 0.193 - Pass 0.188 - Pass
Offtracking m ≤ 0.8 0.165 - Pass 0.099 - Pass 0.071 - Pass
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5.2.3 Discussion
The performance measures described in Chapter 1.3 are applied to Configura-
tion II, which is considered as an extreme case scenario in this research. The
extreme case indicates that the pickup truck is subjected to extreme loading
conditions based on its maximum towing capacity, maximum rear axle loads
and maximum legal overall height in British Columbia, Canada.
From the results obtained above, it is observed that in terms of handling charac-
teristics, the configuration exhibits oversteer characteristics at both the condi-
tions of 5 m and 6 m payload longitudinal CG distances. However, on the appli-
cation of ATS-based controllers, the configuration exhibits understeer charac-
teristics. The configuration with the H∞-based ATS controller displayed higher
understeer behaviour than the configuration with the LQR-based ATS controller.
The tendency of the passive configuration to oversteer is attributed mainly to
the placement of the trailer’s hitch directly above the pickup truck’s rear axle.
Configuration II exhibits stability and minimal oscillations, as shown in Figures
5.9 - 5.12.
5.3 Summary
In this chapter, an extreme case scenario is evaluated based on a study car-
ried out in [27]. The high-speed performance characteristics of Configuration
I were evaluated on the basis of standard performance measures. It was ob-
served that this configuration exhibited instabilities and oscillations at high
speeds. In order to address this concern, Configuration II was proposed. To fur-
ther evaluate the dynamic characteristics of this configuration at high speeds,
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the standard performance measures were employed. Additionally, the effect





An ATS system for a pickup truck-trailer combination was designed using LQR
and H∞ controllers, based on the linear 3-DOF model developed and validated
in Chapter 3. The performance of the controllers were evaluated using numer-
ical simulations under different operating parameters, such as trailer’s payload
weights and payload’s longitudinal CG distances. The dynamic responses of the
combination vehicle, both with and without control system, were analyzed un-
der a closed-loop SLC maneuver as specified in ISO 14791 [24]. The controllers
were evaluated using TruckSim in which a virtual driver is used to follow the
prescribed path. The maneuver, depicted in Figure 6.1, determines the desired
path to be followed by the vehicle. In this analysis, the performance of the
vehicle was evaluated at a constant forward speed of 100 km/h.
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Figure 6.1: Closed-loop SLC maneuver
Literature suggests that the dynamic behaviour of an articulated vehicle during
a rapid SLC maneuver, is assessed based on three main performance measures
namely, RWA ratio, LTR and offtracking [28, 95]. These safety related mea-
sures determine the vehicle’s tendency to exhibit instabilities such as rollover
and trailer sway during high-speed transient maneuvers. Therefore, the perfor-
mance of the vehicle combination with the incorporated LQR-based and H∞-
based ATS systems were evaluated using these performance measures under
varying trailer’s payload weights and payload’s longitudinal CG distances. The
payload weights were varied from 0 kg to 3000 kg, with an increment of 1000
kg. The minimum distance of the payload from the hitch is 5 m, while the max-
imum is 6 m. Figure 6.2 illustrates the minimum and maximum payload CG
distances considered in this study. Table 6.1 portrays the 12 cases evaluated in
this study.
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Figure 6.2: Minimum and maximum payload CG distances considered in this
study
Table 6.1: Test cases comprising of varying payloads and CG distances














6.2 LQR-based ATS Controller
6.2.1 Simulation Results
As described earlier, LQR is an optimal controller that utilizes the weighting
matrices Q and R to achieve the desired performance of the ATS control sys-
tem. The weighting matrices were manually fine-tuned based on pre-defined
operating parameters such that vehicle combination exhibited improved lateral
dynamics. The vehicle combination evaluated is Case 3 from Table 6.1. It com-
prises of a pickup truck towing a gooseneck trailer with a payload of 2000 kg
and the longitudinal CG distance of the payload from the hitch is 5 m. The
LQR-controlled vehicle was evaluated under the aforementioned closed-loop
SLC maneuver and the results obtained are illustrated in Figures 6.3 - 6.5.
Figure 6.3: Lateral acceleration responses for the Case 3 TruckSim model with
and without the LQR-based ATS
Figure 6.3 depicts the lateral acceleration responses of the passive TruckSim
vehicle and the LQR-controlled vehicle respectively. It is observed that the LQR
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controller effectively reduced the peak lateral accelerations of both the pickup
truck and trailer, thereby improving the lateral stability of the vehicle.
Figure 6.4: Yaw rate responses for the Case 3 TruckSim model with and with-
out the LQR-based ATS
Figure 6.4 illustrates the yaw rate responses of the TruckSim baseline vehicle
and the LQR-controlled vehicle respectively. The LQR controller also demon-
strated superior performance in terms of peak yaw rate reduction of both the
units. It is also noteworthy to mention that, the LQR-controlled vehicle displays





Figure 6.5: Trajectories of axles 1 and 4 of the Case 3 TruckSim model (a)
without and (b) with LQR-based ATS
Figure 6.5 indicates the trajectories followed by axles 1 and 4 of the pickup
truck-trailer combination. From the figure, it is evident that the lateral dis-
placement of axle 4 from the intended path is far less for the vehicle with the
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LQR-based ATS than it is without.
Table 6.2: Performance evaluation of the Case 3 TruckSim model with and





RWA ratio LTR Offtracking (m)
Passive LQR Passive LQR Passive LQR
2000 5 1.267 1.081 0.326 0.265 0.543 0.302
The dynamic performances of the vehicle combination with and without the
ATS-based control system were further evaluated under performance measures
such as RWA, LTR and offtracking. Table 6.2 presents a summary of the values
obtained for RWA, LTR and offtracking. In terms of RWA, an improvement of
21.7% was recorded after the application of the LQR-based ATS system. As
mentioned earlier, an RWA ratio of 1 indicates an ideal scenario in which the
trailer exhibits the same lateral acceleration as that of the leading unit. An
RWA value of 1.081 indicates reduced lateral motions of the trailer during the
evasive SLC maneuver. The LTR was found to have improved by 18.7%. Finally,
the LQR-based system exhibited favourable offtracking with an improvement
of 44.38%.
6.2.2 Drawbacks of LQR Controller
The LQR controller designed in Section 6.2.1 was applied to different cases
under varying operating parameters. Table 6.3 illustrates the various cases on
which the LQR-based ATS system was applied along with the recorded values
of RWA, LTR and offtracking. Case 3 represents the scenario on the basis of
which the weighting matrices of the LQR control system were tuned. Without
re-tuning the controller, it was applied to the remaining 11 cases described in
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Table 6.3. From the table, it is observed that in all the other 11 cases, the RWA,
LTR, and offtracking values have reduced with the LQR-based controller.
Table 6.3: Performance evaluation of the TruckSim model with and without







RWA LTR Offtracking (m)
Passive LQR Passive LQR Passive LQR
1 0 5 1.315 1.257 0.277 0.203 0.472 0.436
2 1000 5 1.274 1.211 0.276 0.265 0.504 0.440
3 2000 5 1.267 1.081 0.326 0.265 0.543 0.302
4 3000 5 1.269 1.201 0.365 0.350 0.580 0.495
5 0 5.5 1.305 1.229 0.208 0.202 0.466 0.427
6 1000 5.5 1.292 1.186 0.277 0.262 0.492 0.420
7 2000 5.5 1.296 1.181 0.329 0.310 0.526 0.438
8 3000 5.5 1.306 1.182 0.372 0.346 0.556 0.463
9 0 6 1.317 1.216 0.209 0.200 0.465 0.435
10 1000 6 1.320 1.159 0.282 0.258 0.487 0.425
11 2000 6 1.338 1.156 0.347 0.309 0.517 0.447
12 3000 6 1.354 1.170 0.399 0.352 0.543 0.477
In terms of the RWA ratio, Case 3 displays an RWA ratio closer to 1 in compar-
ison to the rest of the 11 cases, where the values are inconsistent. In order to
exhibit a more consistent performance, the weighting matrices would require
re-tuning for every scenario based on the desired performance, which is not
a practical approach as parametric changes are unpredictable and occur fre-
quently.
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Figures 6.6 and 6.7 illustrate the lateral acceleration and yaw rate responses of
Case 12. Under a rapid SLC maneuver at a constant speed of 100 km/h, the
passive vehicle combination displayed distinct oscillations owing to the high
payload weight and large CG distance from the hitch. On the application of
the LQR-based ATS controller, the peak lateral acceleration of the trailer re-
duced slightly. However, the controller was unable to significantly reduce the
oscillations experienced by the pickup truck-trailer combination. Moreover,
throughout the maneuver, both the controlled and uncontrolled vehicle combi-
nations exhibited similar lateral displacements of axle 4 from the desired path,
as depicted in Figure 6.8.
Figure 6.6: Lateral acceleration responses for the Case 12 TruckSim model
with and without the LQR-based ATS
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Figure 6.7: Yaw rate responses for the Case 12 TruckSim model with and with-




Figure 6.8: Trajectories of axles 1 and 4 for the Case 12 TruckSim model (a)
without and (b) with LQR-based ATS
6.3 H∞-based ATS Controller
The efficiency of the H∞-based ATS controller was also evaluated under the
closed-loop maneuver described in Section 6.1. Similar to the LQR control sys-
tem, the weighting functions for the H∞ controller were manually fine-tuned
using trial and error method to achieve the desired system performance. Since
the LQR-based ATS system demonstrated unsatisfactory results in Section 6.2.2,
Case 12 was re-evaluated using the H∞-based ATS system.
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Figure 6.9: Lateral acceleration responses for the Case 12 TruckSim model
with and without H∞-based ATS
Figure 6.9 shows the lateral acceleration responses of the TruckSim model with
and without the H∞ controller. Results suggest that the controller augments the
performance of the vehicle under the evasive SLC maneuver. In comparison to
the LQR controller, the H∞ controller not only reduced the peak lateral accel-
erations of both the units but also distinctly reduced overshoot and dampened
the oscillations experienced by the vehicle.
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Figure 6.10: Yaw rate responses for the Case 12 TruckSim model with and
without H∞-based ATS
Figure 6.10 illustrates the yaw rate responses of the passive and controlled ve-
hicles. It is observed that with the H∞-based ATS, the system experienced sig-




Figure 6.11: Trajectories of axles 1 and 4 for the Case 12 TruckSim model (a)
without and (b) with H∞-based ATS
Figure 6.11 compares the lateral displacement of axles 1 and 4 of the base-
line vehicle and the H∞-based ATS vehicle. Results demonstrate that the H∞
controlled vehicle experienced reduced lateral deviation of the axles from its
intended path. Moreover, the H∞ controller was also able to closely match the
desired trajectory, resulting in better vehicle performance while negotiating a
swift SLC maneuver.
Table 6.4: Performance evaluation of the TruckSim model with and without





RWA ratio LTR Offtracking (m)
Passive H∞ Passive H∞ Passive H∞
3000 6 1.354 1.113 0.399 0.314 0.543 0.287
A summary of the performance measures carried out on the controlled and
uncontrolled systems is presented in Table 6.4. The application of H∞-based
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ATS to the vehicle improved the RWA ratio by 17.8%. The LTR demonstrated
an improvement of 21.3% and in terms of offtracking, the passive system wit-
nessed an improvement of 47.1% with the H∞ controller. Furthermore, the
values recorded for RWA, LTR and offtracking demonstrated considerable im-
provement with the H∞-based ATS controller in comparison to those obtained
with the LQR-based controller (Case 12 in Table 6.3).
6.4 Performance comparison of the LQR-based and
H∞-based ATS controllers under varying system
parameters
In order to justify the reliability and robustness of the proposed H∞-based ATS
system, the controller was applied to 12 scenarios with varying operating pa-
rameters. The scenarios were then evaluated on the basis of the three perfor-
mance measures previously used and comparison between the LQR-based and
H∞-based ATS controller is carried out. A significant and consistent improve-
ment in the RWA, LTR and offtracking values were observed in all the cases
with the robust H∞-based ATS controller. The results obtained indicate better
overall performance of the system with the H∞-based ATS controller than that
with the LQR-based ATS controller. Tables 6.5-6.7 represent the performance
of the configurations under passive and active states. Additionally, in the fol-
lowing subsections, an in-depth sensitivity analysis was carried out to interpret
the effect of varying parameters on the stability and performance of the vehicle
combination.
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6.4.1 Varying payload weights and constant CG distances
A comprehensive study on the effect of varying payload weights was carried out
to analyze the dynamic stability of the pickup truck-trailer combination. Tables
6.5-6.7 highlight the performance of the various scenarios with and without the
implemented LQR-based and H∞-based controllers.
At a constant payload CG distance of 5 m from the hitch, a slight reduction in
RWA values indicates that the stability of the combination was favourable in
the presence of a payload. When the payload CG distance was located further
away at 5.5 m, an approximately steady RWA is maintained with increasing
payload weights. Finally, at a payload CG distance of 6 m from the hitch, a
slight increase in the RWA values was noticed. This is indicative of the fact
that increase in payload weight at a CG distance farthest away from the hitch
leads to instabilities in the vehicle combination. In terms of LTR, an increase in
trailer’s payload weight resulted in an increase in load transfer between the left
and right sides of the vehicle combination. Additionally, increase in trailer’s
payload weight resulted in an increase in lateral displacement between the last
axle and the intended path of the vehicle and therefore, offtracking increased.
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Table 6.5: RWA measure of the pickup truck-trailer combination with and
without the ATS controllers
Case No. Weight (kg) CG (m)
RWA
Passive LQR H∞
1 0 5 1.315 1.257 1.088
2 1000 5 1.274 1.211 1.055
3 2000 5 1.267 1.081 1.057
4 3000 5 1.269 1.201 1.059
5 0 5.5 1.305 1.229 1.079
6 1000 5.5 1.292 1.186 1.073
7 2000 5.5 1.296 1.181 1.078
8 3000 5.5 1.306 1.182 1.084
9 0 6 1.317 1.216 1.076
10 1000 6 1.320 1.159 1.089
11 2000 6 1.338 1.156 1.101
12 3000 6 1.354 1.170 1.113
Chapter 6 85
Table 6.6: LTR measure of the pickup truck-trailer combination with and
without the ATS controllers
Case No. Weight (kg) CG (m)
LTR
Passive LQR H∞
1 0 5 0.277 0.203 0.180
2 1000 5 0.276 0.265 0.234
3 2000 5 0.326 0.265 0.274
4 3000 5 0.365 0.350 0.307
5 0 5.5 0.208 0.202 0.179
6 1000 5.5 0.277 0.262 0.232
7 2000 5.5 0.329 0.310 0.274
8 3000 5.5 0.372 0.346 0.307
9 0 6 0.209 0.200 0.178
10 1000 6 0.282 0.258 0.232
11 2000 6 0.347 0.309 0.277
12 3000 6 0.399 0.352 0.314
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Table 6.7: Offtracking measure of the pickup truck-trailer combination with
and without the ATS controllers
Case No. Weight (kg) CG (m)
Offtracking (m)
Passive LQR H∞
1 0 5 0.472 0.436 0.278
2 1000 5 0.504 0.440 0.281
3 2000 5 0.543 0.302 0.298
4 3000 5 0.580 0.495 0.317
5 0 5.5 0.466 0.427 0.276
6 1000 5.5 0.492 0.420 0.276
7 2000 5.5 0.526 0.438 0.284
8 3000 5.5 0.556 0.463 0.294
9 0 6 0.465 0.435 0.268
10 1000 6 0.487 0.425 0.272
11 2000 6 0.517 0.447 0.280
12 3000 6 0.543 0.477 0.287
6.4.2 Varying CG distances and constant payload weights
A similar analysis was carried out to investigate the effect of varying payload
longitudinal CG distances on the performance of the pickup truck-trailer com-
bination. Tables 6.8-6.10 depict the performance of the vehicle combination at
varying payload longitudinal CG distances, with and without the LQR-based
and H∞-based ATS controllers.
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In terms of RWA ratio, the overall behaviour of the system indicated that in-
crease in payload CG distances caused the RWA ratio to increase. This implies
that the lateral stability of the vehicle tends to reduce with increasing payload
longitudinal CG distances, the effect of which is more prominent at higher pay-
load weights. The recorded LTR values did not change drastically with increase
in payload CG distances from the hitch. However, the overall behaviour in
terms of LTR suggests that increase in CG distances increased the LTR values
and the effect again, is more noticeable at higher payload weights. In terms of
offtracking, the deviation of the last axle from its intended path increases with
increase in the payload’s longitudinal CG distances.
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Table 6.8: RWA measure of the pickup truck-trailer combination with and
without the ATS controllers
Case No. Weight (kg) CG (m)
RWA
Passive LQR H∞
1 0 5 1.315 1.257 1.088
2 0 5.5 1.305 1.229 1.079
3 0 6 1.317 1.216 1.076
4 1000 5 1.274 1.211 1.055
5 1000 5.5 1.292 1.186 1.073
6 1000 6 1.320 1.159 1.089
7 2000 5 1.267 1.081 1.057
8 2000 5.5 1.296 1.181 1.078
9 2000 6 1.338 1.156 1.101
10 3000 5 1.269 1.201 1.059
11 3000 5.5 1.306 1.182 1.084
12 3000 6 1.354 1.170 1.113
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Table 6.9: LTR measure of the pickup truck-trailer combination with and
without the ATS controllers
Case No. Weight (kg) CG (m)
LTR
Passive LQR H∞
1 0 5 0.277 0.203 0.180
2 0 5.5 0.208 0.202 0.179
3 0 6 0.209 0.200 0.178
4 1000 5 0.276 0.265 0.234
5 1000 5.5 0.277 0.262 0.232
6 1000 6 0.282 0.258 0.232
7 2000 5 0.326 0.265 0.274
8 2000 5.5 0.329 0.310 0.274
9 2000 6 0.347 0.309 0.277
10 3000 5 0.365 0.350 0.307
11 3000 5.5 0.372 0.346 0.307
12 3000 6 0.399 0.352 0.314
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Table 6.10: Offtracking measure of the pickup truck-trailer combination with
and without the ATS controllers
Case No. Weight (kg) CG (m)
Offtracking (m)
Passive LQR H∞
1 0 5 0.472 0.436 0.278
2 0 5.5 0.466 0.427 0.276
3 0 6 0.465 0.435 0.268
4 1000 5 0.504 0.440 0.281
5 1000 5.5 0.492 0.420 0.276
6 1000 6 0.487 0.425 0.272
7 2000 5 0.543 0.302 0.298
8 2000 5.5 0.526 0.438 0.284
9 2000 6 0.517 0.447 0.280
10 3000 5 0.580 0.495 0.317
11 3000 5.5 0.556 0.463 0.294
12 3000 6 0.543 0.477 0.287
6.5 Summary
This chapter begins with the evaluation of the ATS system using the LQR con-
trol technique. The simulations were carried out in TruckSim-MATLAB/Simulink
co-simulation environment. The emulated test procedure was a rapid closed-
loop SLC maneuver, at a constant forward speed of 100 km/h. The behaviour
of the vehicle combination was evaluated on the basis of three performance
measures, namely, RWA, LTR and offtracking. From the results obtained, it can
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be concluded that the LQR controller was unable to function effectively in the
presence of parameter variations.
To address these robustness concerns, the robust H∞ controller was imple-
mented to design the ATS system. The vehicle combination was subjected to
the aforementioned SLC maneuver, under various parametric uncertainties.
Results suggest that the robust H∞ controller effectively augmented the perfor-
mance of the pickup truck-trailer combination. The H∞ controller was capable
of reducing peak lateral accelerations, yaw rates and also improved the overall
dynamic behaviour of the system while negotiating an evasive SLC maneuver.
Chapter 7
Conclusions and Future Work
7.1 Conclusions
The main objective of this study was to improve the stability and maneuverabil-
ity of a pickup truck-trailer combination at high speeds. As established in pre-
vious chapters, articulated vehicles are susceptible to unstable motion modes
that can result in fatality. Based on a comprehensive literature review, an active
safety technique called Active Trailer Steering (ATS) system was adopted to pre-
serve the performance and behaviour of the pickup truck-trailer combination
under rapid, high-speed maneuvers.
The most fundamental step to designing a control system is the derivation of
a mathematical representation of the vehicle system to be controlled. To es-
tablish the fidelity of the derived linear 3-DOF model, it was validated against
a nonlinear TruckSim model under an SLC maneuver at a constant forward
speed of 60 km/h. Results indicated reasonable agreement in terms of lateral
accelerations and yaw rates of both the pickup truck and trailer. Finally, the




The validated yaw-plane linear model was then utilized to design an ATS con-
troller using the Linear Quadratic Regulator (LQR) control technique. Numeri-
cal simulations were executed using TruckSim-MATLAB/Simulink co-simulation
environment, under a closed-loop SLC maneuver at a constant forward speed
of 100 km/h. Results suggest that the combination vehicle with the LQR-based
ATS controller outperformed the passive combination vehicle. However, on
varying certain trailer parameters, the LQR-based ATS controller did not per-
form as effectively. This is because the LQR controller was tuned to demon-
strate favourable dynamic performance under a specific set of system parame-
ters. This aspect lead to the proposal of a robust H∞-based ATS system.
The H∞-based ATS controller was also developed using the validated 3-DOF
linear model, and numerical simulations were carried out similarly, as men-
tioned above. Results imply that the robust controller can effectively improve
the lateral stability and maneuverability of the pickup truck-trailer combina-
tion under parametric variations. The H∞-based ATS controller not only re-
duced the peak lateral accelerations of both the units, but also reduced the
overshoot and dampened the oscillations experienced by the vehicle. This in-
dicates that it improved the overall performance of the configuration at high
speeds. Moreover, application of safety-related performance measures indi-
cated that the H∞-based ATS system is an assuring solution for the safety en-
hancement of articulated vehicles. Therefore, it can be concluded that the H∞
controller for the synthesis of ATS systems enhances the performance of the
pickup truck-trailer combination, even under a range of parametric uncertain-
ties, and is, therefore, a promising control technique.
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7.2 Future Work
• The roll dynamics can be further studied by considering the roll motions
of the pickup truck and trailer vehicle units. Once the roll motions are
incorporated, the yaw-plane model becomes a yaw-roll linear model with
a 5-DOF.
• The results obtained using the H∞ control system can be further authen-
ticated by the implementation of HIL-RT simulations.
• The proposed control system can also be validated in a DHIL vehicle sim-
ulator to analyze the behaviour of a human driver on the performance of
the controller under various maneuvers.
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Appendix A
Parameters Description Value Units
m1 Total mass of pickup truck 2,155.64 kg
Iz1 Yaw moment of inertia of the pickup truck 4,103.7 kgmˆ{2}
r1 Yaw rate of the pickup truck N/A deg/s
Vy1 Lateral speed of the pickup truck N/A m/s
Fy1




Lateral force of the pickup truck’s
2nd axle
N/A N
m2 Total mass of trailer
2,380 / 3,380 /
4,380 / 5,380
kg
Iz2 Yaw moment of inertia of the trailer
11,022.0 / 12,688.67 /
14,355.33 / 16,022.0
kgmˆ{2}
r2 Yaw rate of the trailer N/A deg/s
Vy2 Lateral speed of the trailer N/A m/s
Fy3 Lateral force of the trailer’s 1st axle N/A N
Fy4 Lateral force of the trailer’s 2nd axle N/A N
U




Distance between the front axle and the CG
of the pickup truck
1.4 m
b = d
Distance between the CG and the rear axle
of the pickup truck
2.6 m
e
Distance between the hitch and the
CG of the trailer
5.5 m
f
Distance between the CG and the
first axle of the trailer
0.4 m
g
Distance between the CG and the




The system matrices, A and B, of the 3-DOF model where A = M −1N and B =
M −1P are described below:
M =

dm1 Iz1 0 0
m1 0 m2 0
0 0 −em2 Iz2




N11 N12 N13 N14
N21 N22 N23 N24
N31 N32 N33 N34




−C1(a + d ) 0 0
−C1 −C3 −C4





1 0 0 0
0 1 0 0
0 0 1 0










N11 = C1(a + d ) +C2(d − b)
N12 = aC1(a + d )− bC2(d − b)− dm1U 2
N13 = 0
N14 = 0
N21 = C1 +C2
N22 = (aC1 − bC2)− (m1U 2)
N23 = C3 +C4
N24 = (−fC3 − gC4)− (m2U 2)
N31 = 0
N32 = 0
N33 = −C3(e + f )−C4(e + g)
N34 = (fC3)(e + f ) + (gC4)(e + g) + (em2U 2)
N41 = 0
N42 = −U 2
N43 = 0
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N44 = U 2
Q =

0.02 0 0 0
0 0.02 0 0
0 0 0.02 0
0 0 0 0.02

R =
1 00 1

